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Abstract

This paper shows how to build inverse functions of polynomials, from a theoretical
point of view. In other words, given a polynomial function y = P(x) = ap + a1z +
<o+ apmr™, with a; € R,0 < i < m, and a real number u so that P'(u) # 0, we get
an explicit function Fp(y) that satisfies x = Fp(P(x)) around & = u. The procedure
that we have followed to achieve Fp(y) is to compute its Taylor series and its domain
of convergence. If u = 0, Fp(y) will be denoted by fp(y).

For practical purposes, we are exploring the possibilities of the functions Fp(y) in
order to solve polynomial equations and algebraic systems.

Keywords: Polynomial functions, quadratic formula, Cardan-Tartaglia Formula, Galois
Theorem, Adomian Method, Decomposition Method, inverse of polynomials.

1 Introduction
The search for solutions for a polynomial equation:
O=ap+az+ -+ apx™ (1)

has contributed to the development of mathematics throughout centuries, (1], [2], [3], [4]),
since Sumerian (third millennium B.C.), Babylonian (second millennium B.C.) and Egyptian
(second millennium B.C.) times until nowadays.

Particularly, the study of quadratic, cubic and quartic equations, ( [5], [6], [7], [8], [9]),
has motivated the introduction of some important concepts of mathematics such as irrational
and complex numbers. The Galois Theory was motivated by this same problem of solving
(1). This theory included the proof of the non-existence of solutions of (1) by radicals, but
also introduced the ideas of groups and ideals, that motivated the development of modern
algebra. Finally, (1) has influenced the earlier development of numerical computing.

Polynomial equation (1) arises in many fields of the sciences, engineering, economy and
statistics.



In such areas available algorithms for solving (1) ( [10], [11], [12], [13], [14], [15], [16],
[17], [18]) are effective for the “average”polynomial of a small or moderate degree, but are
heuristic in general. They do not converge to the roots of (1) unless some suitable initial
values are given, and no global procedures are provided in order to find such a convenient
approximation, for a general polynomial equation.

When the degree, m, grows beyond 10 or 20, the present-day necessities for solving (1)
become more and more extended, but above all in the important case of Computer Algebra,
where solving (1) for larger m is needed. Here is where equation (1) keeps playing its role
nowadays, both as a research problem and as a part of computing tasks.

As it was expected, all these problems are increased in the case of polynomial systems.

As a potencial application, we are exploring the possibilities of inverse functions of poly-
nomials, Fp(y), introduced in this paper, in order to solve the problems of convergence
and initial values, that we have outlined above, for both cases: polynomial equations and
polynomial systems. Some examples of such applications may be found in ( [19]).

Finally, we campare with the Adomian decomposition method [20]. If we consider the
polynomial equation 2 + pxr + ¢ = 0, and its inverse function fp(y), provided in this paper,
then the n first terms of the series fp(0), coincide with the Adomian polynomials of degree
n — 1 for solving polynomial equations.

This paper is organized as follows. From the analytic solution, H, of functional equation
(2), section 2 deals with the construction of the inverse function of P(z) around x = 0: fp(y).
In section 3, we compute the inverse of P(z) around any x = u, with P’(u) # 0, by applying
the results of section 2 to the polynomial P,(z) = P(z + u), where we have substituted the
new variable z = x —u by the original variable x. Finally, section 4 illustrates how quadratic
and Cardan-Tartaglia formulas are particular cases of functions Fp(y), that we introduce in
this paper.

Throughout this paper all the sets of subscripts or superscripts will be considered as non-
negative integer numbers; the degree of P(x) will be denoted by m; and Hy""¢! (0) (the
partial derivative of H with respect to X, 4; times, ..., and with respect to X,,_1, ip—1
times, valued at zero), by Hi(0).

2 Inverse function around y = ay

We begin by introducing functional equation (2), whose solution is the central point of this
section.

Definition 1 Let m > 2 be an integer number. Let x = (1, , Tym_1) be a vector of R™™!
and h : R™ 1 — C a function with h(0,---,0) = 1. We define the functional equation:

h(z) =14 21h*(x) + 2h* (@) + - + 2 A7 (2) (2)
Lemma 1 FEquation (2) is solvable.
Proof. It is easy to see that the order relation < in C defined by r; < r; &

Real(r;) + I'mag(r;) < Real(r;) + Imag(r;)  if Real(r;) + Imag(r;) # Real(r;) + Imag(r;)
Real(r;) < Real(r;) if Real(r;) + Imag(r;) = Real(r;) + Imag(r;)



is a total order relation.
Given 20 = (29,...,2% ) € R™! with 2° # (0,...,0), (2) defines the polynomial

»Ym—1
equation of degree p, with 2 < p < m: h(z°) = 1+ 29h%*(2°) + 25R3(2%) + - - - + 20, _ h™ (V).

Solving for h(xg), there are p solutions in C, that we order in the following manner: TYO) <

Té“”()) L - K rz(,x(’). Then the p functions:

P i a0 £ (0, ,0)
hi : Rmil — C, h,L(.’L'O) = v ’ ’
1, if 2°= (0,---,0)

with ¢ = 1,--- ,p, are solutions of (2).

Lemma 2 provides a inverse function of (3), (4), from a solution, H, of (2).

Lemma 2 Given the polynomial function:
= D) = a0+ v ot 0" ®

where ag, ai, -+, an are real numbers with ay,a, # 0. and let H be a solution of (2), then
the function:

G~y

frly) = “a H(X1(y), -, Xine1(y) (4)
verifies:
x = fp(P(z)) ()
where the functions X;(y), 1 <i<m —1, are:
() — (a0 — y)'ain
X() = S )

Proof. In fact, as H is a solution of (2), it follows that:

frly) = ao_;ly

X () H™ (X1 (y), X (1)

(1+ X () H2Xa(y), s Xna(9)) + - (7)

Substituting functions (6) in (7) one gets:

y=ao+arfe(y) +afpy) + -+ anfpy)

Therefore © = fp(y) = fp(P(z)) and (5) holds.



Here are the main steps in order to obtain fp(y) in an analytic way:

1. Theorem 1, based on Lemmas 3 and 4, computes the coefficients of Taylor series of H
(16).

2. Inequality (17), in Lemma 5, provides an upper bound for coefficients (16).
3. Using (17), Theorem 2 proves that H is analytic in domain (20).
4. Finally, Theorem 3 gives fp(y) in an explicit way, by defining its series.

Lemma 3 Let us consider polynomial function (3), function (4) and a positive integer num-
ber, ng. Then the (ng + 1) — th derivative of fp(y) with respect to y, valued at y = ay, is
giwen by the expression:

"D fr(y) N
dy”o—i—l y—an
= i Z ( o 1)] (211 + e + mim_l)! aéll. .. aimm'—l
Jj=1 i1+ tim_1=7 i) ! a}+2’1+"'+mlm71

i1+2ig+-+(m—1)im—_1=n0

where y = P(z).
Proof. Differentiating x = fp(P(x)) with respect to x, we obtain:

dfp(y) _ 1
dy P'(z)

Differentiating again ng times with respect to x, and solving for d*+Y fp(y)/dy™*! it be-
comes:

d" ) fp(y)
dyn0+1
-y > (—1p 20t i) ©)
e S ; (2D)7gyl - (ml)im-1d,, 4!
= i1t tim—1=
i1+2ig++(m—1)im—1=n0
(PP ()" - (P ()
(PO ()2t +mim
Taking x = 0, we get:
d" D fp(y)
dyn0+1 y=ap
-y Y (- ap@armin)! d e
s 1= il iy ai+2i1+...+mz‘m,1

11422+ (m—1)im—1=n0



Lemma 4 Under the hypothesis of Lemma 3, the (ng+ 1) —th derivative of fp with respect
to y, valued at y = P(0) = ay, it also can be obtained as:

no

2 2. (-1

k=1 i1t Fim_1=k
i1+2ig++(m—1)im—1=no

(1 +i+ 2+ -+ (m_ 1)im—1)! agl ...a;:;nfl
a1+2i1+~~~+mim71
1

(0) (10)

X‘ <.

ilig! !

Proof. Differentiating (ng + 1) times (4) with respect to y, one gets:

dy
ag — 1
= O_—alyHgSnOH)(Xl(y)a o Xea(y)) + (no+ ]')a_ngSnO)(Xl(y)7 o X))

The ng — th derivative of H with respect to y is given by:

H (Xi(y), - X (1)) (12)

— i Z H%(Xl(y), e ,Xm71(y)>14i1+---+im_1(y)

k=1 i1+ +im—1=k
where:

Aiy o1 (Y)
20

= ! i )"( (520 )nm
- 1 Z ) L %'”} no | gm0 !nno (Xl (y) X2 (y)

RgT
M1t  =im—1

11, Lm0 no
gttty My =100

X;(y) being functions (6) and (Xi(i']i)(y)> ' the i/ — th derivative of X;(y) to the power n’.
Notice that the only derivatives of X;(y),- -, X;n_1(y), that do not vanish at y = a are:

(=)™ Ym — 1)lay,
(=a)™

—a9 2las
(—a1)?’ (—a1)?"

therefore, if we make y = aq in (12), the superscripts take the values:

X (ag) = X5 (ag) = L X0 () = (13)

tp=1,11=0,---,5°=0 i53=0,i5=2,---,0° =0,...,0,, 1 =0,--+ 7,
and

1_ .2 no _ 1_ 2 _ . no _ 1 _ m—1 _ .
ny=11,n] =0,--- ,n°=0, ny=0,n5=19,---,n5°=0,...,mp,_1 =0, ,%,. "] =%m_1



o (12) becomes:

(0) (14)

I
3
la
=
N
=
3
L
=
e
I
s
==

k=1 i1+ i, 1=k
i1+2ig++(m—1)im—_1=n0
(i1 4 2ip + -+ (m — 1)im1)! i m—1 i
(XY (@)™ . (X9 D (ag))im

Z1‘12'2'12 e im_ll(m — ].)!im*l

Substituting (13) in (14), we arrive at:

H() (X1 (ag), - Xm—1(ag))

)

n . . ) ) 'm_
-3 > ( _ 1yegig ittt (m = Dimo)! 0y can
= ' ‘ - * inligh- 1! a211+-~~+m1m71
- i1+ tim—1=k ?

i14+2i2++(m—1)im—1=ng

According to (11), this implies that the (ng + 1) — th derivative of fp with respect to v,
valued at y = ag, can be written as:

o = (L4 +2is+ -+ (m—Dim_1)! a-ap
_kEE o) m 2 om
t142i0++(m—1)im_1=ng
Theorem 1 Let ji, jo, -+, jm—1 be (m — 1) non negative integer numbers, so that p = j; +
o+ Jm-1. Then there is H, a solution of (2), whose p — th partial derivative with respect
to w1, J1 times,...and with respect to Tp,_1, jm_1 times, valued at 0 = (0,---,0) is:
TR g (214 -+ mjp_1)!
H 4e)(0) = : T (15)
L4+ + (m = 1)jm)!
And the coefficients of Taylor series of H around the origin are:
. . 271+ + MYp1)!
A, vimer) = <l o) (16)

Proof. Given j,...,jn_1 by hypothesis, we choose ng = j; + 2jo + -+ 4+ (m — 1)jm_1,
then (8) equals (10) because, according to Lemmas 3 and 4, both expressions coincide with
the (ng + 1)-th derivative of fp(y), at y = ao, arriving at:

no . . .
7~ (141 +2ig+ -+ (m — 1)ipy_1)!
J— 1
0= > (750 el
k=1 i1+ Fim_1=k

114224+ (m—1)im_1=n0

(2i1+---+mim_1)!> (_1)k aél---af—,rf_l )

i) i q! a}+211+-~+mzm71




therefore, as ag, aq,...,a,, are arbitrary real numbers, we obtain:
- 201 + -+ My q)!
H(0) = BCUR A, '
(1441 4+ 20+ -+ (m — 1)ipm_q)!

for all (41, ,%,_1) so that iy + -+ i1 =k and 41 + 2i5 + - - - + (m — 1)i,,_1 = ng, with
k=1,--- ,ng. If wetake k=pandi; =71, ,%m_1 = Jm_1, the result is established.

Lemma 5 Let m be an integer number so that m > 2, then the inequality:

n! 11
diy, - imq) < ——————==T", ¥n>1, VYm>2 17
(Zla ) 1)_21"lm71'Tn nZz mZ ( )
holds, with i1 + -+ + iy,—1 = n, cde:#.

Proof. Given the polynomials:
P(x)=m(mx+m—1)...(mx+1) Vo>0 and
Qiz+1)=((m—-1z+m)...((m—1)xz+2) Vx>0

it is easy to show that:

e

verifies:

1. fm=2:

(a) Is increasing in [4,00).

(b) Its restriction to integers: {f(n)},>4 is an increasing sequence.
2. Ifm > 3:

(a) Is increasing in [3,00).

(b) Its restriction to integers: {f(n)},>3 is an increasing sequence.

3. The sequence f(n) converges to 1" as n — o0.

Therefore, if m =2, f(n)<T VYn>4,ifm>3, f(n)<T Vn>3.
We start by proving (17) in the case m = 2. For n = 1,2,3, (17) holds. Forn =k, k > 3
we have that:
dlk+1)(k+1 Pi(k)(k+1
(4 D) AWGRED _ g
d(k)k O:(k + 1)k

Hence:
k
k+1

By induction hypothesis the result is concluded.
We continue with the case m > 3. Our plan is:

d(k + 1) < Td(k)



1. In the first place we are going to prove that:

d(0,...,n) < =T"' v¥n>1 (18)

n
Notice that the number of parameters of d is m — 1.

2. In the second place, using (18), (17) will be shown.

1. For m > 3, the inequalities:

fh=2m < f)=22 < f(3):4(4";(;2(_4”1?)—1)

are satisfied. Then {f(n)},>1 is increasing. For n =1, d(0, ..., 1) satisfies (17). For n = k,
k > 1 we have that:

d(0,...,k+1)(k+1)  Pi(k)(k+1)

= = f(k)y<T
d(0,..., k)k Qi(k+ 1)k J(k) <
Hence:
k
1) < —T

Therefore (18) follows by induction hypothesis.
2. For n =0 (17) is obvious. For n > 0:

(mn)!
((m—1)n+1)!
B (miy +mis + -+ miy_1)!
S ((m =1y 4+ (m = Dig 4 -+ (m — iy + 1)!
B mn mn — 1 (201 + 3ig + « -+ + Mipy_1)!
S m=1n+1(m—1)n""" (ig + 2+ + (m— )iy + 1)!
Notice that the last term of product (19) is equal to d(i1, ..., im—1)i1!. .. ipm_1! As:

2y +3ig + - A min o + K
i1+ 2ip+ 4+ (m—=1)ipa+1+ K —

with i1 + -+ 4+ 4,1 = n > 1, for all integer number K > 1, then all the terms of product
(19) are greater than or equal to 1, so the proof is completed.

Theorem 2 Let H : R™ ' — R be the function:

H@) =Y > dli, - ima)z] -2

n=0 i1+ +im—_1=n

where d(iy, - ,im—1) are coefficients (16). Then H converges uniformly in:
1
Dy = {(:L’l, e ,l’mfl) S Rmil, |$1‘ + ‘LUQ’ +-F ’JJm,l’ < T} (20)

where T was introduced in (17). Futhermore H is a solution of (2).



Proof. If we consider the absolute value of the series H, then from Lemma 5 we arrive at:

[H(@)| < (] + -+ |z )"d0, .. on) > (lza] + -+ A+ |z )" T
n=0 n=0

From the second inequality uniform convergence is followed in the case |z1|+ -+ |z,_1| <
1/T. On the other hand if |z1]| + -+ + |z;,—1| = 1/T then uniform convergence is verified,
from the first inequality by Raabe Criterion. The fact that H is a solution of (2) is follows
from Lemma 1 and Theorem 1.

Theorem 3 Given polynomial function P(x), according to (3), then function (4), fp(y),
satisfies:

1. It is uniformly convergent in:

ag — Yylla ap — y|™ Ya,, m— 1)1 1
N A L LY

|a|? |ag|™ - mm T

2. It is the inverse of P(x) around y = ay.

3. If 0 € Dy,, then the series:

n=0 i1++im_1=n

converges to r, either the positive root of P(x) or the negative root of P(z) closest to
the origin.

Proof. 1. It is immediate because H is uniformly convergent in domain (20).
2. In Lemma 2 was seen that fp(y) is the inverse of P(x). On the other hand, consider the
function:
m—1
(o — Y||a2 o —Y am
S(y):| llaal ] e

-+
|a|? |ag|™

with a; # 0. Notice that S(y) is greater than or equal to zero, and it approaches zero as y
goes to ag, so, by its continuity at y = ag, Dy, contains an open ball with center at y = ayo,
therefore fp(y) is well defined around ay.

3. It is followed from the continuity of fp.

Let us give an example to illustrate these ideas.



Example
Consider the polynomial equation P(z) = z° — 2z* 4+ 223 + 2% — 6z + 1 = 0, then from
(4) the series:

1—y i Z (261 + 3ig + 4iz + Hiy)!

6 o\, o ilinlislia (14 iy + 205 + Bis + 4iy)!
L=y \" (A=) 2\* (-9 (=2))" (L=p"\"
(=6) (=6)° (=6) (=6)°

is the inverse of y = P(x) in the region:

_ _ 2 _ 3 _ 4 4
L-yl [-yf2 [1-yf2 [I y!2§4_}.
62 6 64 65 5

Dy, = {yER;

As zero belongs to Dy, then the closest positive root to the origin is r = fp(0).

3 Inverse function around any non-singular point

Suppose that there is u € R, with P'(u) # 0, so that fp(P(u)) is not well defined. In this
section we deal with this case.

Theorem 4 Given polynomial equation (3) and v € R with P'(u) # 0, we consider P,(x) =
P(u+ x), then the function:

o) = D H (i) Yooa (0.9) @1

defined in:
Dyp, = {(u,y) € R?, [Yi(u,y)| + - +[Vioor (u,y)| < 1/T}
is the inverse of P,(z) around y = P(u), where:

(P(u) — y)' P (u)

(i+ )(—pO@yn sr=m-l

Yi(u,y) =

Proof. Let us write the Taylor’s Formula of P(z) around = = u:

P(y) = P(u) + PO (u)(y — u) + = (22)!(“) (y—u)+-+ P(:;(”) (y =)™ (22)
Changing (y — u) by x in (22), we have:
P,(z)=P(x+u) = Pu) + P(l)(u)x + %:ﬁ + o+ w:ﬂ”

And the result is followed from applying Theorem 3 to P,(z).



Corollary 1 With the same hypothesis as Theorem 4, let Fp be the function:

Fp(y) = v+ fr.(y) (23)
with (u,y) € Dy, , then (23) is the inverse of P(x) around x = u.

Proof. Consider y = P(u;) with (uy,y) € Dy, , then:

Fply) = u+fr.(y) =u+ fp,(P(w))
= u+ fp,(Pu(ur —w) =u+u —u=1wu

Notice that if u = 0, then Fp(y) = fp(y).

4 A comparison with the quadratic and cubic equation

In this section we illustrate the relation of quadratic and cubic equations to the functions
fp(y) introduced in Theorem 3.

Consider a quadratic equation 22 + bx +c—y = 0, with ¢, b € R. By solving for x we get
two functions:

e = Suly) = —b+ \/b22— 4(c—vy) (24)

—b—\/0®?—4(c—vy)
2

r = S(y)=

According to Theorem 3, a inverse function of y = P(z) = 2 4 bx + ¢ is:

o0

o) =3 o g~ (25)

Then it is easy to prove that fp(y) is the Taylor series of S;(y).

Now we consider the cubic equation 2® +px+q¢—1vy = 0, with p, ¢ € R. By using Cardan-
Tartaglia formula we get three functions (one for each solution of 3 +px +¢q—1y = 0), given
by the expression:

T(w:i/ -y /q— \/ -y q—4y)2+§

Then a inverse function of y = P(z) = 2® + pz + ¢, provides by Theorem 3 is:
- (3n)' S
= E — )" 26

that is the Taylor series of one of the branches of T'(y), the closest to the origin.
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