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Abstract

In [2] inverse functions of polynomials, from a theoretical point of view were built.
In other words, given a polynomial function y = P(x) = ag + a1z + - - - + apa™, with
a; € R, 0 <i<m,and a real number u so that P'(u) # 0, we got an explicit function
Fp(y) that satisfies = Fp(P(z)) around = = u.

Now, in this paper, above results are generalized with the aim of building the inverse
functions of P(x) around all its roots.

On the other hand, as a potencial application, we are exploring the possibilities of
the functions Fp(y) in order to find all the roots of polynomial equations and algebraic
Systems.

Keywords: Polynomial functions, quadratic formula, Cardan-Tartaglia Formula, Galois
Theorem, Adomian Method, Decomposition Method, inverse of polynomials.

1 Introduction
Polynomial equation:
0=ag+ax+ -+ apx™ (1)

arises in many fields of sciences, engineering, economy and statistics. In such areas avail-
able algorithms for solving (1), ([1], are effective for the “average”polynomial of a small or
moderate degree, but they are heuristic in general and do not converge to the roots of (1)
unless some suitable initial values are given. Furthermore no global procedures are provided
in order to find such a convenient approximation, for a general polynomial equation.

When the degree, m, grows beyond 10 or 20, the present-day necessities for solving (1)
become more and more extended, but above all in the important case of Computer Algebra,
where solving (1) for a larger m is needed. Here is where equation (1) keeps playing its role
nowadays, both as a research problem and as a part of computing tasks.

As it was expected, all these problems are increased in the case of polynomial systems.

As a potencial application, one explores the possibilities of inverse functions of polynomi-
als, Fip(y), introduced in this paper, in order to solve the problems of convergence and initial



values, that we have outlined above, for both cases: polynomial equations and polynomial
systems.

This article is organized as follows: In section 2 we summarize some recent results of [2]
that will be used in the following. Section 3 deals with constructing inverse functions of
polynomials around all its roots. Section 4 provides some examples in order to illustrate the
main ideas.

Throughout this paper all the sets of subscripts or superscripts will be considered as non-
negative integer numbers; the degree of P(x) will be denoted by m; and the partial derivative
of H with respect to Xi, ¢ times, ..., and with respect to X,,_1, ¢,n—1 times, valued at
zero, by Hy "% * (0).

The proof of the non-existence of solutions of (1) by radicals, for a degree greater or equal
to five, extended the belief in the non-existence of no-one else explicit formulae, giving up
this line of research until present-day. But the functions f1(> ’Z)(y), which we introduce in
this paper, show that it might be possible, as it is illustrated in the examples of Section 4.
Furthermore, in the case of the polynomial equation ™ —ag = 0, f I(DJ ’Z)(O) coincides with the

usual radical /ayg.

2 Previous results
Let P(x) be the polynomial function:
y:P(m):aO—l—alx—l—---—l—amSEm (2)

where ag, aq,- - -, a,, are real numbers with aq, a,, # 0. With the purpose of finding a inverse
function of (2), denoted by fp(y), around y = agy, we begun, in [2], by defining and solving
the functional equation:

h(z) = 1+ x1h*(2) + 22h*(x) + -+ + 201 K" () (3)

where m > 2 is an integer number, x = (z1,- -+ ,,,_1) is a vector of R™~! and the unknown,
h:R™ ' — C, is a function with h(0,---,0) = 1. From a solution, H, of (3), we gave fp(y)
as:

fr(y) =k()H(X1(y), -, Xm-1(y)) (4)

where the functions X;(y), 1 <i < m — 1, were given by:

Xi() = I g k) - 5)

In order to build fp(y) in an explicit way, the following results were proved in [2]:

1. Its Taylor series was defined as:

a
1 n=0q1+ +gm-1=n




with:

(2q1 + - - + MGp—1)!
@l g T+ + -+ (m = 1)gm—1)!

d(QlJ R 7Qm—1> -

2. (6) is uniformly convergent in:

ag — a
|ao — yl|as] o

|a | lay|™
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=3t o (1) .
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3. It is satisfied that = fp(P(x)), around x = 0.

4. If 0 € Dy,, then the series:

m—1

PO= N e () () ®

—a
n=0q1++qm-1=n 1)

converges to r, either the positive root of P(z) or the negative root of P(x) closest to the
origin.

Finally the Taylor series of the inverse function of P(x), around any non-singular point,
y = P(u) with P'(u) different to zero, was obtained. In fact, given polynomial function (2)
and u € R with P'(u) # 0, one considers P,(xz) = P(u + x), then the function:

Fp(u) =u+ fp,(y) = %H (Yi(u,y), ..., Yot (u,y)) (10)
defined in:
Dry = {(u,y) € R2, [Yi(w, )| + - + [Yinr(u,9)| < (m:n#l}

it is the inverse of P(x) around y = P(u), where:

(P(u) —y)' PV (u) :
Yy = (e pay L SiSmol

3 Inverse function of P(x) around its roots

Once the main results of [2] have been recalled, observe that functions (6) and (10) have
important restrictions:

1. (6) and (10) can only be defined around the reals root of P(z), so its complex roots
can not be computed as fp(0) or Fp(0).

2. On the other hand the real numbers u in Fp(y) = u + fp,(y), in order to find all the
real roots of P(x), are not given in an explicit way.

The next examples illustrate these difficulties.

Example 1 Consider the polynomial equation P(x) = z°+ 9z* + 3323 + 6122 +46x+1 = 0,
then from (6) the series:

E s () (SRR () ()

n=0 q1+qg2+qs+qs=n




where:

(21 + 3q2 + 4q3 + 5q4)!
¢1'q2'q31qa! (1 + ¢1 + 2¢2 + 3q3 + 4q4)!

d(Qla"'>q4) =

it is the inverse of y = P(x) in the region:

[L—yl6l [1—-yP33 [1-y*9 |1—y|4<44}

Dy =dyeRr: 4
Ir {ye T 167 461 165 5

As zero belongs to Dy, , then the closest positive root to the origin is r = fp(0).

Example 2 Consider again the polynomial equation P(z) = 2°+92*+3323+612%+462x+1 =
0 of Example 1. There, we have found its closet root to the origin. Now, using (10), we are
going to compute another of its real roots. By making the change of variable xt = z — 2, we
obtain:

Po(z)=P(z—-2)=2" 2"+ -2~ 102 +1=0
Then from (10) the series:

-y« -y DN (A=9)*\* (A=) D\ (A -—yp*\™
2 2. danw) ( 102 ) ( 10° ) < 10° > ( 10° )

n=0q1+g2+g3+gs=n

where d(q1, ..., qq) s the same as in the preceding example, it is the inverse of y = P(x) in
the region.:

-yl  [T—yf -y’ [L-y*_4
Dp, = €R; < —=
Fr {y T T A T T Ty

As zero belongs to Dp,, then r = Fp(0) is other of the real roots of P(x).

In this section we accomplish the task of dealing with such deficiencies. The proposed
solution is to build, in an explicit way, one inverse function of P(x), (fp),(y), 1 < v < m,
for each one of its roots, r,, in such a manner as r, = (fp),(0). In order to achieve this goal,
we begin with Definition 1, which introduces a set, F', of functional equations.

Hereafter j and ¢ will denote integer numbers, so that m > 5 > ¢ > 0.

Definition 1 Let x = (2, -+ ,2,m_1) be a vector of R™ ' and h : R™ — C a function.
. . . 1 .
Then we define the set, F, of functional equations, with ( m;— ) elements, given by:

F = {W(z) = 21h°(z) + 2oh(x) + - + 2:h"Hx) + B (2) + 25 A (2) + ..

- - Lo (11)
+ z; W x) + W () 4+ -+ e B (), R(0,...,0) =1; m > 5 >4 >0}

h being the unknown function. The element of F', corresponding to the parameters j and t,
will be denoted by (j,1)-functional equation.

The proof of Theorem 1 is not included here because, once adapted to the new hypotheses,
it is very similar to the proof of Lemma 1 introduced in [2].



Theorem 1 Fach (j,1)-functional equation of the set F' is solvable.

From each solution, HU%), of each (j,i)-functional equation of F', Theorem 2 provides (j — 1)
inverse functions of (12).

Theorem 2 Fized m, j and t, consider the polynomial function:
y=P()=ay+az+ -+ a,z" (12)
where ag, a1, -, ay, are real numbers with a;,a,, # 0. Let kfjj’i) (y) be the functions:

i[9 f =)

Wi =4V o o lEvsi (13)
“a; ’

where the subscript v denotes the v — th root. Finally, let HY) be a solution of the (j,1)-
functional equation, then:

(FE)u() = K9 () HOD (XF) () . (X52)(w) 14

verifies x = (fl(aj’i))v(P(x)), where the functions (ngj’i))v(y), I1<p<m-1,1<v<j—1,
are:
First, 1 =0:

........ e (16)



Proof. In fact, as HO)(X""(y)), with X"7(y) = (X9)o(y),. ... (X)), is a
solution of the (j,) - functional equation of set (11), it follows that:

(—ap)(FE D)) = (—ay) (kS (1)) (HED Y (X ()
(—as) (6 ()7 (X)) (HOD X () + .
+ (X9D), () (HOD) =1 (X () 4 (HOD) (XD () (17)
+ (X9D), (y)(HOD)H (X i“’@)) + (X9D), () (HED) 1 X ()
+ (XID) ) EPOPIE] () 4 -+ (XGD)ul) (HI)™ (X (1))

Substituting functions (15) or (16) in (17) one gets:

y=ao+ar(f9)u(y) + a2 (fE)2 () + - + an(F0) (y)

Therefore z = ( }(;j’i))v(y) = ( I(Dj’i))y(P(x)) and the result holds.

In order to obtain the functions ( fl(aj’i) (¥))v, 1 < v < j —i, in an analytic way, Theorem
3 computes the coefficients of the Taylor series of H79, dU9 that are introduced in (20).
Theorem 4 shows that H? is analytic in domain (52). Flnally, Theorem 5 gives (fp G )(y))v,
1 <wv < j—4, in an explicit way, by defining its series in (53).

Theorem 3 Let q1,q2, -+ ,qm_1 and n > 1 be non negative integer numbers, so that n =
q1+ -+ gm_1 and, the rational number:

WG 0=+ A=)t A1)+ (i + 1 —i)g + .
qi,--qm—1 ]—Z (18>
+(j—1—z')qj_l+(j+1—i)qj+---+(m—z')qm_1+1_1
j—i

Then, there is HU | a solution of the (j,1)-functional equation of set (11), whose n — th
partial deriwative with respect to x1, ¢ times, ..., and with respect to x,,_1, ¢m_1 times,

valued at 0 = (0,--- ,0), is:

L.on=1
(HUD) 2 0 =7 (19)
X AW s (Wi =1) o (Wl s (0 =2)) s m 2 2
And the coefficients of the Taylor series of HYY around the origin, for n > 1, are:

1 Wq(lja’-l?w(hn—l (Wq(‘ljlﬁ)w‘hnfl - 1) e (Wq(l‘]:?)-yCIrnfl - (n - 2))
Jj—i @l gmt!

A9 (qu, ... gnor) = (20)
Proof. In order to make the notation clearer and without loss of generality, since the
reasoning, which is done next, can be generalized easily, we only are going to prove the case
in which the function H*¥ has two variables. In other words: Consider the (j,7) - functional
equation:

W (x,y)) = h'(z) + xh? (2, y) + yh?* (z, y) (21)



where p; and p, are integer numbers so that 0 < p; < py < m = 3, with py, py # i, j, then

Vn > 1, with ¢ + g2 = n, we are going to prove that:

(HUD) e (0, 0) = ((pl —nt e Tl 1)

j—i J—i
((p1 —a et 1))

j—i

In fact, for n = 1, by derivative rules it is verified that:

N 1 . 1
i (1,0 _ 4))(0.1 =
(HOD)9(0,0) = - and  (H99)%1(0,0) = -

J—1 ’ j—i
For n=2:

i 1 (pr—1)2+1
H(J’Z) (270) O O — _ 1
( ):p,y ( ) ) ] — ] —
(1O 0.0) = L (PRI )

’ J—1 7 —1

i 1 ((pp—1)2+1
H(Jvz) (072) O O — _ 1
(HO02(0.0) = — (2

(22)

(23)

(24)

Suppose now that the result is true for n = k and false for n = k£ + 1, then, as the derivative
rules do not depend on py, po, 7 and 7, it will also be false, if we choose p; =2, p, =3, 7 =1
and ¢ = 0. From here it is followed that (7) is false. And this contradiction proves the result.
With the aim of showing Theorem 4, Lemmas 1, 2, 3 and 4, that we introduce next, are

needed. Lemma 1 can be easily proven.
Lemma 1 Consider A, and B, given by:

A, =t ,((m_i)n+1—l>...(M—(n—l)),‘v’nZl

7 —1 7 —1 j—1

1 n + 1 m + 1 (25)
—in —in
B, = - ( — —1>...( — —(n—l)),VnZl
J—1 J—1 J—1
Then:
A, >0,Vn>1, B, #0 (except in the case i =0 and j =1), YVn >1, and (26)
|A,| > |Bnl, Yn > 1, if, and only if, m —i—j >0 (27)
Lemma 2 From A, and B, introduced in (25), let us define the sequence:
A, i >0
S = mar{A,. B[} = gy (28)
|Bn|, ifm—i1—35<0
Vn>1, then:
A9 (g1, .. qmr)| @) g < Sn (29)
where q1,qa, -+ ,Gm_1 are non negative integer numbers, so that ¢ + -+ + ¢m_1 = n, and

d99(qy, ..., qm-1) 15 given by (20).



Proof. If d¥) = 0, then (29) is obvious. From (18) observe that:

—im+1 i (m—i)n+1
P -1< Wq(f:..).,qm,l < ]T —1
_in+1_2<W(j7i) _1<(m—i)n+1_2
s g — q1,--ydm—1 — -
I Jt (30)
—imn+1 > (m—in+1
e e e L P e e k)

Now, we distinguish two cases: First Wéfj?,),,qul < 0 and second Wq(ljj,i,),,qul > (. In the first
one, from (26), B, # 0, and it is concluded that:

|d(j,z‘)(q17 o Gme)| @l g
_ ! (WO (WU 1) (WO (0= 2))| < |B,|

j _ Z q1,--;dm—1 q1,---5dm—1 q1,---,dm—1

(31)

In the second case, suppose that W(J(fj?,),,qm_l — (n — 2) is also positive, then it is held that:

|d(j’i)(q1, o gme)| @l !
_ 1 Wud (WG ) (WD~ (n—2))| < A,

j — 3 q1y--sdm—1 q15--5dm—1 q1y--5dm—1

(32)

Otherwise, suppose that Wq(fj,i,),7qm71 — (n—2) <0, then there is k, integer, 1 < k <mn —3, so
that W . —k>0and WY, — (k+1) < 0. From here it is followed that:

- — 1 1
0wy, < mon ; o
o<wyd g mzintl
seesdm ] — 1
0wy k< w —(k+1)
i~ 1 i (m—in+1 (33)
J—1 (4,3) J—1— m—11)n
_ < —(k+1) < < —(n—1
j_Z —Wq1 ..... dm-—1 (+)— j_l — j_l (TL )
j—i—1 Gid) j—i—1 (m—i)n+1
- —1 < Wi - <l 1< T (=2
j 77} — qu,...,qm,1 (k + ) — ] 77} + — ] 72 (n )
j—i—1 y j—i—1 (m—in+1
- =i —(n_k—3)§W¢§f,’..).,qm71 -(n—-2)< ﬁﬂn—k—i’))éﬁ—(lﬁ?)
And then it is satisfied that:
A9 (g1, gme1)| @i+ - G
_ L wu (wlh 1) (WD, _m-2)|<A (34)
s q1,--sqm—1 q1,---s9m—1 q1,---s9m—1 n —= 4

j—



Therefore:

‘d(j’i)(ql, s gme)| @l guea! S max{ Ay, B} = S, (35)
And (29) is followed.
Lemma 3 Consider the constant:

ﬁ v ((:z:;%::; ifm—i—7)>0andj#m

Ty =191 if (m—i—j)=0andj=m (36)
j%—\/z ifm—i—j<0

and the sequence:

A Ol i —i— >0

n! Ap_1

Bp| (n—1)! . . .
‘n!||(Bn,Z\ ifm—i—37<0

Vn>j—1i. Then:

lim Mn = T(jﬂ‘) and Mn S T( j i) 9 Vn Z j —1 (38)

n—o0 J

Proof. We only are going to show the case m —¢ — 7 > 0 and j # m. The other ones can
be proven following exactly the same steps. We begin by proving the first part of (38), with
this aim we introduce next a new sequence, NN,,, for all n > j — ¢, given by:

Ay (n—( —9)!
nl o An_(j)
(m—i)n+1—(5—1) (m—i)n+1—(m—j)j—1)

N, =

(m—jin+1-0G—i) (m—jn+1-(m-750—1)
(m—ijn+1—(m—7+1)Jj—1) (m—ijn+1—(m—1i)(j—1)
' n o n—(—i—1)
and which satisfies the following proprieties:
1. lim N, = T(jj_) 2. N,, Vn>j—i, is increasing. (40)
n—0o0 ’

In fact, the first part of (40) is obvious, and in order to prove the second one, it is proceeded as
follows: One chooses the positive integer numbers ko, k1, ... k;—;—1 to satisfy the inequalities:

0< -1+ (ko+1)(j—i)<—1+42(j—i)<--<—-1+ki(j—i)<m—i

(m—3)< -1+ (ki +1)(G—1) < =14k +2)(F—9) << —1+ka(j—i) < 2(m—1i)

(41)
(j—i—2)(m—i)§—1—|—(kj_i_2—|—1)(j—i)<--~<—1+kj_i_1(j—i)<(j—i—1)(m—i)
(J—i=1D(m—i) <=1+ (kj—i1 +1)(j —1)



with kg = 0 and k;_;_; +1 = m — 4. Using ko, k1, --- kj_i—1, we reorder the rational factors
of (39) in the following manner:

(m—in+1—(ko+1)(G—i) (m—i)n+1—(ko+2)(j—1) (m—i)n+1—ki(j—1)

n (m—jn+1—(5—1) TTm—gin+1—(k—1)(G—1)
m—in+1—(ki+1)(G—1) (m—i)n+1— (k1 +2)(j—1) (m—i)n+1—ke(j—1)
' n—1 (m—in+1—k(GG—4) ~~(m—gn+1—(k—2)(G—1)

(42)

(m—in+1—(kj_i—2+1)(j —1) (m—in+1—kj—i—1(j —1)
| P pp——) T (- G- 1)G D)
m—in+1—(kj_i—1+1)(j—1)
| i)

then, each one of the rational factors of (42) is increasing in the variable n, since differenti-
ating all of them with respect to n, we arrive at:

/7

) >0 —1471,(j —i) < (m—1i)p (43)

((@m4m+1—%@—@

m—jn+1—(r,=p)j 1)

where 1 <p<j—i—1landr, € {ky1+2,k,1 +3,---,ky}, and

((m—i)n+1—(kp+1

— )(j—i)) >0 1+ (ky+1)(j —i) > (m —i)p (44)

where 0 < p < j —i—1. And from inequalities (41) it is deduced that derivatives (43) are
positive, and (44), non negative, so, the sequence, N,,, ¥V n > j —1i, is increasing. This done,
notice that N, can be express as:

Anf j—1
N, = An At G=iHl (45)
An-inAna(n—1)  Anji(n —(j —1))
and therefore:
lim M, = lim = lim "J/N, =1T{;, (46)

n—o00 n—o0 Ap_ 1M n—00

From (45) and (46) it is deduced the second part of (38), since NN, increasing being, if there
were ng so that M,, > T;;), then it would be M,,; < M, 1nj—i) < T(;s), ¥V n > 1. And the
proof is finished.

Lemma 4 [t is satisfied that:

Sy <TGpnl, Vn2>j—i (47)
Sy was introduced in (28) and T(;; in (36).
Proof. According to the definition of \S,,, three cases are distinguished:

1. S, =A,, withm—j—i>0and j #m.



2. S, =A,, withm—7—7>0and j =m.
3. S, =|B,|, withm —j—i<0.

1. The result is true for k = j — 4, since:

O<m-—1i+

—1<m-—1

j—i
O<m-—1+

—2<m-—i1—1

] —1

1
0<m—i—|—f—(j—i—1)Sm—i—(j—z'—2)
J—1
Therefore:

0 < A < lm =)= ) = (=i~ 2) < (n =

As j >iand (m—1i)/(m—j) > 1 (48) becomes:

1 . i) — (i (m — i)Y~ (m — i)™
_]._Z.(m ). (( )—(J 2)) < P P T

A <

J

and therefore:
Sji = Aj <TG =)

Suppose now, that (47) is true for &k — 1 > j — ¢, then, from (38), one gets:
Ap < ATk < T(’;.ﬂ.)k;!

as we wish to show. The cases second and third are proven in the same way.

Theorem 4 Let HU9 : R™™' — R be the function:

HONz)y=>" Y d" gy, quor)2f -zl

n=0 q1+-+gm-1=n

where d99(qy, -+, qm-1) are coefficients (20). Then HU%) converges uniformly in:

DY = f(zy, -+ 1) € R™ N |an| + o] + -+ + |21 < T }

]71)

(48)

(51)

(52)

where T{;;) is given by (36). Furthermore HUY is a solution of the (3,i)-functional equation

of set (11).



Proof. If we consider the absolute value of the series H/), then from (29) and (47) we
arrive at:

[e.e]

[H@) | <Y (ol + -+ |z )

n=0

S o0
oS Z\$1|+ A |zm—1 )T
n=0

From the second inequality uniform convergence is followed. The second part of this Theorem
is deduced from Theorem 2.
As a Corollary of Theorem 4, we introduce the following:

Theorem 5 The Taylor series of the functions, (fj(gj’i))v(y), 1 < v < j—1, introduced in
(14), are given by:
(o) = K2 @ HODV KT )alw), 5 (510)e ()
i i i q1 i qm—1 (53)
WY S ) (X)) ((XG0).0)
n=0q1++gm-1=n

And they satisfy:
1. Each ( ](3”))1,, with 1 < v < 7 —1, is uniformly convergent in the region:

o . 1
Dy = {y e R [(XPD)u )| + -+ + | (X2 < 7 } (54)
F (3,%)

(that does not depend on the chosen subscript v ), where the functions (X,(,j’i))v, 1<p<m-—-1,
1 <wv < j —i were defined in (15) or (16), and T{;; was introduced in (36).

2. FEach ( ](3”))7,, with 1 <wv < j —1i, is an inverse function of P(x), defined in (12), for all
Yy < Df]()j,i).

3. If0 e Df(m, then the (j-i) series, given by the expression:

(f97),(0)

kG), Z Z d9D (g1, ... gm_1) ((Xl(j’i))v(O)> 1 ((thfnl)l) (0))%71

n=0q1++qm-1=n

converge to (j — i) roots of P(x) respectively, one for each root k “)(O).

4 Examples

In this section we give some examples in oder to illustrate the above results.

Example 3 Consider the polynomial equation P(x) = 2525 + 22* — 82® + 522 + 2 + 10 = 0.

From (53), with j =5 and i = 0, it follows that the five functions, ( 1(35’0))1,(3;), 1 <v <5,
defined as:

G0y () = o/ 2 — Z S A0 (X)) (X))

n=0q1+-+qs=n

where:

45:0)( q1+2q2 +3q3 +4q1 — 4 (q1 +2¢2 +3q3 +4g4 — 4

5 - ~(n=2) o)

CI17-~-aQ4>



| Ny ’ _uN—3/5
(P Nw) = = ()7 () = 5 (),

(5,0) _ :s 10—y\—2/5 (5,0) 9 10—y —1/5
(X377 )u(y) = —25) (Tsy) (X7 )u(y) = (—25) (752”)
(5,0)

they are the inverse functions of y = P(x) around its five roots, since y = 0 belongs to D>,

that in this example is:
—4/5 -1/5
(5,0) _ ) 1 10—y 2 10—y
Dy = {y €R | (—25) < —95 ) (—25) \_ —25 <1
(5,0)

Therefore, the five roots of P(x) are given exactly by r, = (fp 7 (0)),, 1 < v <5, respectively.

Example 4 Consider the polynomial equation P(x) = 2x° + 2x* — 402 + 2% + 5z + 10 = 0.
Proceeding as in the preceding example, the five roots of P(x) are given exactly by r, =

(FE2(0)0, 1 <v <2 and vy = (f57(0)u, 1 < u < 3 respectively.

References

[1] V. Y. PAN, Solving a Polynomial Equation: Some History and Recent Progress, Siam
Rev., 39 (2) (1997) pp. 187-220.

[2] J. MORENO, Explicit Construction of Inverse Functions of Polynomials, International
Journal of Applied Science and Computations, 11 (1) (2004) pp. 53-64.



